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Abstract Using a polarization method, the scattering problem for a two-dimensional
inclusion embedded in infinite piezoelectric/piezomagnetic matrices is investigated. To
achieve the purpose, the polarization method for a two-dimensional piezoelectric/piezo-
magnetic “comparison body” is formulated. For simple harmonic motion, kernel of the
polarization method reduces to a 2-D time-harmonic Green’s function, which is ob-
tained using the Radon transform. The expression is further simplified under condi-
tions of low frequency of the incident wave and small diameter of the inclusion. Some
analytical expressions are obtained. The analytical solutions for generalized piezoelec-
tric/piezomagnetic anisotropic composites are given followed by simplified results for
piezoelectric composites. Based on the latter results, two numerical results are provided
for an elliptical cylindrical inclusion in a PZT-5H-matrix, showing the effect of different
factors including size, shape, material properties, and piezoelectricity on the scattering
cross-section.
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Introduction

Wave scattering by inclusions embedded in composites has long been the subject of investi-
gation by many researchers. Paol!l made a detailed discussion about diffraction of elastic waves
and its relationship with dynamic stress concentration. However, his discussion was limited to
isotropic materials. On the other hand, Auld’s work[?! about acoustic waves in solids did pay
some attention to wave propagation in general anisotropic materials. However, scattering was
not considered as a topic in the book. Barnett!3 pointed out that following the method first
introduced by Stroh[¥, discussion of wave propagation in solids with general anisotropy could
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be treated in a quite simple fashion. Indeed, speaking of two-dimensional problems with general
anisotropy, whether for static or for dynamic problem, people would always prefer to try using
Stroh’s formalism, for its mathematic elegance and conciseness. Stroh’s method is successful in
finding the Rayleigh wave for half-space, which can be considered as the simplest form of scat-
tering. Wul® extended Stroh’s formalism to treat the so-called “self-similar” problem, which
was another success in treating dynamic problems.

However, except for the simplest case of the Rayleigh wave, Stroh’s formalism does not
give exercisable result for general simple harmonic motions: substitution of functions with the
form f(x1 + pw2)e'™? into the dynamic equilibrium equation does not give simple eigenfunctions
anymore. On the other hand, the extended Stroh’s method formulated by Wul®! can only treat
scattering problems caused by inhomogeneities with boundaries on x2 = 0. For a more general
two-dimensional scattering problem, until now, Stroh’s formalism cannot give satisfying results.
To sum up, up to now, no solution is available to the two-dimensional scattering problem caused
by simple harmonic waves colliding on an inhomogeneity with a rather general shape, let alone
the discussion in piezoelectric/piezomagnetic materials.

As the preferred Stroh’s method does not promise any satisfying results, the two-dimensional
scattering problem with inhomogeneities of arbitrary shape has been put into a rather embar-
rassing condition. Besides Stroh’s formalism, Willisl® provided another effective approach—
polarization method to deal with the three-dimensional scattering problem, which was formu-
lated as integral equations of Green’s function. Ma and Wang!” developed this method and
adopted several concepts introduced by the classical method of Eshelby!®! to treat the scattering
problem caused by an ellipsoidal inclusion in infinite anisotropic piezoelectric matrices.

In this paper, we combine Willis’ ideal! with some other powerful analytical skills, such as
the Radon transform and the Residue theorem in complex methods, to treat two-dimensional
scattering problems in piezoelectric/piezomagnetic composites. Besides an integral solution for
the general problem, some exact analytical results are obtained for the first time under certain
simplification.

1 Basic equations

Using the extended Barnett and Lothe notation!®) and quoting Pan’s expression!!?!, the
equation of equilibrium for the coupled magneto-electro-elastic field of any media with general
anisotropy can be expressed as

Cisriug i + f7r = prkiix, (1)
where
Cijr, J,K=1,2,3;
iy, J=1,23 K=4
€ikl, J=4, K=1,2,3;
Cisri = { 19 J=L23 K=5 (2)
gk, J =5, K=123;
i, J=4, K=5borJ=5 K=4
—eq, J, K =4
—pit, J, K =5
and
- u;, J=1,2,3; - fi J=1,2,3; (byxp LK =123
ur=09 =4 fr=q~fe J=4 PIK =1 other cases. ®)
¢, J=5 —fuy T =5 ’
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Cijri, €55 and p;; are the elastic, dielectric, and magnetic permeability tensors, respectively.
€ijk, Gijk and A;; are the piezoelectric, piezomagnetic, and magnetoelectric coefficients, respec-
tively. wu;,¢ and ¢ are the elastic displacement, electric potential, and magnetic potential,
respectively. f;, fo and fm are the body force, electric charge, and electric current (or called the
magnetic charge as compared to the electric charge), respectively. d;x denotes the Kronecher
tensor and p is the density. iy indicates the second-order derivative of u; with respect to
time. The extended elastic coefficient tensor C; k) in Eq. (1) relates the extended strains to
the extended stresses by the constitutive relationship,

0i7 = CigrIVKL, (4)

where the extended stresses and strains are defined by

0ij, J:1a273a Yig I:1a273a
oig=4Di, J=4 yij =N —E, =4 (5)
Bi, J=5: ~K;, I=5.

In Eq. (5), 045, D; and B; are the stress, electric displacement, and magnetic induction (i.e.,
magnetic flux), respectively; ~;;, E; and K are the strain, electric field and magnetic field,
respectively. It is observed that various uncoupled cases (i.e., purely elasticity, piezoelectricity,
and piezomagneticity) can be reduced from Egs. (1)—(5) by setting the appropriate coefficients
to zero. It is further noticed that the following symmetry relationship holds:

Cijrt = Cjirt = Chaiyj
€kji = €kij, dkji = qkij, (6)
€ij = Ejis  Aij = Njiy  Mij = Mji-

Finally, the extended strains and displacements are related by the geometric equation,

1
vij = 5 Wiy + ),
Ei=—-¢;, Hi=—p;.
2 Two-dimensional polarization method for composites

Consider an infinite piezoelectric/piezomagnetic body composed of matrices with generalized
elastic moduli C?JKI and density pg x and a two-dimensional inclusion (e.g., cylinder with
infinite length) embedded in matrices occupying Q with generalized elastic moduli C’iI 7K and
density pY . Set the coordinate so that the z3-axis coincides with the length of the inclusion.
Equation (1) becomes

(CYrrurc) i+ fr+ Tigi — 5 = i, (8)
where
Tig = ACikiuky, w1 = Apjkik, (9)
ACisxi = (Ciygy = Cy)H (@), Apsx = (ke — pJx ) H (), (10)
and

H(a:):{l’ x €€, (11)
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In Egs. (8)—(11) and derivation in Section 2, = (x1, z2), and the capital subscripts (e.g., J, K)
run from 1 to 5, the lowercase subscripts (e.g., ¢,1) run from 1 to 2.

Now consider a “comparison body”, which is homogeneous and takes the material of the
matrices. The equilibrium equation of this body is

(Chxiura)i + fr=pYxiix. (12)

The adjoint problem of Eq. (12), corresponding to the adjoint operators C}; ., and p%, is
governed by the following equations:

(Clkgivai)a + Fx = pk i, (13)

where Fg is the extended body force of the adjoint problem for the field v. The adjoint
operators are defined by

/ /(’UJ,iCI?JKluK,l - uK,lCl*KJiUJ,i)det = O7 (14)
0 S

/ /(’[)Jp?]K’O,K — Ug Pl 05)dSdt = 0. (15)
0 S

By use of Gauss’s theorem, Eqgs. (12)—(15) lead to the identity,
o0 o0
/ / [’UJC?JKIUKJTLi —UKC;KJiUJ’iTLl]dAdt-F/ /(’UJFJ +UKFK)det
o Jos 0o Js

— [ (S = wrcpi ) oS, (16)
s
Green’s function G and its components for the comparison body satisfy
(CorxiGrep)i +05pd(x —a)s(t —t') = pGGrp, (17)

with homogeneous initial and boundary conditions. The two indexes of Ggp(x — @', t — t')
denote the component of the extended Green’s displacement and the direction of the extended
point force. And let G* be the adjoint Green’s function, whose components follow

(Cz*KJiGTIQ,i),l +0kqQd(x —x")o(t —t") = P*KJGZQ (18)
with the corresponding adjoint boundary conditions. According to Eq. (16), we have
Gop(x' —a" 1" —t") = Gpo(x" —a',t" ). (19)

Equation (19) shows that the adjoint Green’s function G* may be obtained directly from
G, which is more convenient for derivation. Application of Eq. (16) to Eq. (8) yields

ug(z” t") = — / / (Gyoi(a’ — .t — )1y, t) — G’ — z,t" — t)ms]dSdt + ud(z” "),
s
(20)

in which
(@) = = [ [ Grate” ~ o.t" = 017, @ O)ast
s
- // [uk Cl 1 Ggim — G*JQ(C?JKIUKJ + mig)ni]dAdt
as

+ / (G (@ — 2, t") [ seurca(,0) + 5 (a2, 0)]
S

—ug(x,0)p) ;Gho(x" —x,t")}dS. (21)
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It should be emphasized that Eq. (20) is valid only when momentum rather than velocity
is given as the initial condition. Comparing Eqs. (20) and (21) with Willis’s results® for
the inhomogeneous anisotropic case, it follows that the present solution can be reduced to
the piezoelectric, piezomagnetic, or pure elastic case when the corresponding moduli vanish.
Symbolically, there is

u=—-N7— Mnm+u°, (22)
where
(NT)g(z,t) = // Ngij(x — ' t —t" )1y (x’, ¢')dS dt’, (23)
S
(Mm)g(z,t) = // Mgj(x — ' t —t" )7y (', t")dS dt’, (24)
S
and

_ an’Q(w, —x,t' —t) . 0Ggs(x — ', t —1')

NQU(% —x't— t/) 7 B , (25)
IGHo(x' —x,t' —t)  9Gos(x —a/,t —t'
Mgy —a' t—t') = ——7< 5 _ 9Gau( 7 ). (26)
Substitution of Eq. (22) into Eq. (9) gives
(AC);omia + (NaT)qi + (MaT)qr = ugy (27)
(Ap)soms + (Nim)g + (M) = iy, (28)
where
82GQJ 82GQJ
Nz)quis = 7—F=, (M = ; 2
(Na)quis duida! (Ma)aus = 550 (29)
2 2
(Np)aus = 25 0 G (30)

otox’ (Mias = 55

Consider a two-dimensional incident wave taking place in the body, whose expression is
given by

u’ = aexp{—ilko(n® - ) + wt]}, (31)
where n® = [n1,n2]T is a unit vector. The polarization a and the wave number kg satisfy
2
[Qn% - p% +(R+ R"niny + Tn%} a=0, (32)
0
where the superscript T stands for matrix transpose, and Q, R, T are defined respectively as
Q= [Ciki], R=[Cikz], T =[Cojks], (33)
and p is defined as
p 0 0 0 O
0 p 0 0O
p=10 0 p 0 0 (34)
00 0 0 O
00 0 0 O

When such a problem is considered, the scattered wave caused by the inclusion will depend
on time ¢ through a factor exp(—iwt). Correspondingly, time-reduced versions of operators N
and M are required. They are, on the other hand, obtained from the two-dimensional time-
reduced Green’s function for dynamics.
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3 Two-dimensional time-harmonic Green’s function for dynamics

The two-dimensional time-harmonic dynamic Green’s function for piezoelectric/piezomagnetic
solids with general anisotropy is first obtained in this section. First, let a generalized time-
harmonic line force apply along the x3-axis in the zg-direction, and time ¢t = —co. We get

fK(iB,t) = 5KQ5(SI:)e_iwt, (35)

where @« is in plane (21, z2). It follows that the generalized displacements in the solids are also
time-harmonic, which can be written as

ug(x,t) = Goy(x)e ™t (36)

Substitution of Egs. (35) and (36) into Eq. (1) yields

(Lyk(0) + prxw?)Ggs = —dqrd(x), (37)
where
2 2 2
Lix(0) = ClJKla—x% + (Cror2 + C2JK1)M + C2JK28—$§- (38)

From Eq. (37), it is obvious that the well-known Stroh formalism cannot be applied to this
problem. If we apply Gos = Ggs(x1+px2) to Eq. (37), we find that the equation is difficult and
does not promise a solution. It turns out that because of the existence of the term p s Kw? Gqr,
the eigenvalue equation in Stroh’s formalism is no longer available. We have to find another
method to deal with the problem. An application of the two-dimensional Radon transform
defined by Eq. (A1) to both sides of Eq. (37) gives

H? A
(Lix(n)m= + prxw?)Gqu(s) = —0qrd(s), (39)
where
Lk (n) = Cryxini + (Cryxas + Cayr1)ning + Cayxans. (40)

According to Eq. (6), Lyx = Lk . In Eq. (39), the density tensor can be expended as

p 00 00
0 p 000
[psk]=10 0 p 0 O (41)
00 0 0O
0 00 0O
Equation (39) can be decomposed as follows:
0? A ?Gyals 92Gys(s
(ij (n)@ + péij)Q) Ggj(s) + Lay (n)TZé() + Lsg (n)TZZ() = —0qkd(s), (42)

where most of the results are omitted here. These equations are of the similar form with Eq. (42)
and too lengthy to be presented here. In Eq. (42) and later discussion, the lowercase subscripts
(e.g. j, k) run from 1 to 3. We also have equations with the following form:

D?Gly;
0s2

EEM

92 (Lss Las — Ly Laa)” ' (L3y Lja — Lz Ljs)

(43)
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Substitution of Eq. (43) to Eq. (42) yields

(ij( )55 +P5]kw2) 4j(8) = —0qr(s), (44)
(Fem) g + 3 Gy (5) = —(Ls = Lis L) (oL — LisL)d(s). (45
(Fem) g + ) Gy (5) = —(L = Lis L) (LasLios — LisLa)d(s). (40

in which
Tjk(n) = Lji + (LasLsa — LaaLss) ' [LjaLssLay — Lsa(LjsLag + LjaLsg) + LjsLaaLsk]. (47)

Comparing the right side of Egs. (45) and (46) with Eqgs. (44) and (43) and noticing that
L]K = LKJ, we have

G'JQ = G'QJ. (48)

Therefore, Eqs. (45) and (46) will not be mentioned in the later discussion. We will solve Gy (s)
and Gs;(s) by Eq. (43) instead.

It is shown from Eq. (47) that the matrix I' = [[';x(n)] is symmetric and positive. By
transforming the coordinates to the bases of the eigenspaces of I', Eq. (44) can be reduced to a
system of uncoupled 1-D Helmholtz equations. The eigenfunctions are given by

ijEkm = /\mEjm; m = 1, 2, 3, (49)

where A, is the eigenvalue corresponding to the eigenvector E,, = [E1m, Fam, E3m]T of T. It
is worth mentioning that the summation convention does not and will not apply to the suffix
m. It is easily proved that both the eigenvalues and eigenvectors are real. And here we take
the eigenvectors as orthonormal bases, which gives

E,. - E, = 6pmn. (50)

The transformation of Eq. (44) is given by

0? ~
( mpe + pw )qu(s) = —Emd(s), (51)
where
éqm(s) = Ejméqj, (52)
and
qu(s) = En; éqn- (53)

The solution of Eq. (51) was first obtained by Wang and Achenbach[!!:

N iE .
Gm = =ikl 54
q 2pC%nkme ’ ( )

where the phase velocity ¢, and the wave number k,, are defined respectively by

Cm = VAm/py  km =w/Cnm. (55)
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From Eq. (53), we have

A ZEqu]m 1km s
GQJ:ZW Isl (56)

m=1
The inverse transform of (54) is obtained by substituting Eq. (56) into Eq. (A2),
Equ]m o eifm|n @t
Ggj(x) =1 T;]{ 2p, /700 sgn(n - x + T)fdﬂil(n). (57a)

The same process of the derivation of G; is repeated to obtain G4, Ggs, Gaa, Gas and Giss,
which gives

E mEm L lL L*lL o) ikm‘n.w+7-‘
T L ) e
i 2pct,(Lss L45_L54 Laa) —00 T

(57b)

ik [Nz +7|

EymEjm (Ll Ly — L L >
Gys(x — Z 7{ qm ng aa Lja — L5 Lyjs) / sgn(m - w+7)67drdl(n),
47 2pcz, L45 Lgs — L44 L54) —00 T

(57¢)
L 'Ly — Lt Lsg)EgmEjm (Lt Lis — L Lj >
Gu(x — Z ]{ 54 t4q ™ 552 51111 gmj (_154 J‘; 55 35) / sgn(n - ¢+7)
47T |n|=1 2pc2,(Lgs Las — Lz Laa) —
elfm \n w+7'\
e —dr|ain 7{ / sen(r +n - 2) drdi(n)}, (57d)
T |n|=1 27(Lsg Lus — Ly Laa)Lsa
L 'Lig — Ly Lsg) EqmEjm(Lsf Lia — Lai L; >
Gus(x — Z 7{ 44 - 4q — 5q)_1qm Jm(_154 J4 _155 15) / sgn(n - x+7)
T 4r inj=1 ' 2pc2 (Lsg Las — L)' Laa) (L5 Lss — Ly Lsa)  J-oo
elfm \n w+7'\
e —dr|ain 7{ / sen(r +n-2) drdi(n)}, (57¢)
T In|=1 27(L}s Lss — Ly} Lsa)Laa
L 'Ly — Ly Lsg)EgmEim (Lt Lia — L L; >
Gss(x — Z 7{ 44 4q — 452 5(1)71 qm Jm(7144 J‘; 45 15) / sgn(n-x+7)
T an In|=1 2pc2 (Lys Lss — Ly Lsa) —oo
1k,”\n a,'Jr‘r\
e —ar|am 7( / sen(r £ n-2) drdi(n)}. (57f)
T n|=1 2’7’ L44 L54 - L45 L55)L45

Equations (57a)—(57f) are inserted into Egs. (25), (26), (29) and (30) to get the corresponding
operators,

2pc2, T T

3 .
1 B E. ) oo s ik |47 )
-5y 7{ = e / tKime dr— = )di(n),  (58a)
m=1"In|=1 m —o0

3 .
1 EgmEjmni [ 20(n-x+71) | ikpenlmetr
Nijq(z,t) = ) Z 7{ | v / ( + )del(n)
m=1" 1= -

T n-xr
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EynEjmni(LsLjy — L7 L
Nigg(z,t) = — Z% gm Ejmni(Lsy Lja 55 Lis)
47T 2pC L55 Lys — L54 L44)

km ikm |n-z+7|
(/ Usme dr — 2 )dl(n),
oo T n-x

Nu(z,t) = Z 7{ L541L4q — L5 Lsg) Bgm Bjmni(Lsy Ljs — Lgs Ljs)
47T2 203, (Lgs Las — Ly Laa)?

m=1"In|

(- % + 1 h —kaeik:‘"%ﬂ ar)|ai(n)

o0

- 74 i dl(n)}
mj=1 - @(Lag Las — L, Laa) Lsa 7

_ L44 Lyq — L_1L5q)Eqm Ejmni(L5_41Lj4 - L5_51Lj5)
Nisa(,t) = —7— Z 2 —1 1
dr In|=1 2pc2,(Lss Las — Lgj Laa) (L5 Lss — Ly Lsa)

. ( _ % n /_ Z —’k’”’elkjn o dr)}dl(n)

n
- — S dl(n) ¢,
]{n1 n - @(Lys Lss — Ly Lsa) Las }

3 1k
1 EymEimning kZsen(n - x + T)elkm,\na:-i-r\ 9
(1 ":C)’L'qu = E % am—jm |:/ m dr —
472 2pc2
m=1 | m — 0o

Egm Ejmni nl(L54 Ljs — L55 Ljs)
( x z4ql ) Z >
47T In|=1 2pcy, L55 Lys — L54 Laa)

[/‘X’ kfnsgn(n - 4 7)elfmIn-tT] 2

- - ar = o2y )

(Na)iaat = Z ]{ (L3; Lag — Lgg Lsg) Egm Ejmnin (Lg)' Lja — Lgg Ljs)
4 2 In| 2pc2,(Lys Las — Ly Laa)?

([ st ey,
o T (n-x)

m=1

2}dl(n)

nin,
- di(n) ¢,
7{n=1 (n - 2)2(Lgs Las — L5y Laa) Lsa ( )}

(Na)isar = Z 7{ L44 Lyq — LZ51L5q>EquJm nznl(L541LJ4 L§51Lj5)
K3
47T2 In|=1 2pc2,(Lys Las — L Laa) (L5 Lss — Ly Lsa)
k2 . ik [Nz +7| 2
. [/ msgn(n - + 7)e dr — 2}dl(n)
— 00

T (n-x)

n;ny
- dl(n)y,
]{n1 (n-@)?(Lis Lss — Ly Lsa)Laa ( )}

T (n-x)?

(58b)

(58¢)

(58d)

(59b)

(59¢)

(59d)
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and

Mos(@) = —iwGa, (@), (59
(M) so1 = iwNyqu, (

(Nt)isg = —iwNijqQ,
(M) o = —twM q.

It should be noted that in Egs. (58a)-(59h), ¢ = 1,2 and [ = 1,2 for a two-dimensional
problem, which distinct themselves from other lowercase subscripts that take values from 1
to 3. This rule also applies to later discussion. The missing equations in Egs. (58a)—(59h) can
be obtained by switching corresponding subscripts. The lengthy expressions in Egs. (58a)—
(59h) can be treated numerically. Take Eq. (59d) as an example: for the first term with kernel
J7 A2 sgn(n- @+ 7)elknm®+7]] /71 dr we can separate the integration into two parts to elim-

inate sgn(n - + 7), and then we get expressions with kernel f:;w (e*n7 /7)dr, which can be
solved by series expansion. The second and third terms of Eq. (59d) will be solved in Section 5.
Combination of Egs. (58a)—(59h) and Eqs. (27)—(28) yields the generalized displacement de-
scribed by Eq. (22). From Eq. (22), we learn that the total displacement field is composed of
the incident field ug and the scattered field v, which is given by

v=—N71— M. (60)

For piezoelectric materials, Egs. (57a)—(59h) reduce to

E,nEim [ oikm a7
Goj(@) = 7r2 Z 7{ g;cfim /_Oo sgn(n - x + 7')fclrcll(n)7 (61a)
Iel 1 23: Equij]4 o0 eikm\n~;p+7—‘ i .
xr) = ——r —_— soen(n - x _|_ N— dr n 7
q4( ) 47T2 m:1fn= 2PC%L44 /;OO g ( ) - ( ) ( )
L4 EqmEjmLja o eikm|"'w+‘r|
G w/ , ehelnetrl
44 47T2 Z %ﬂ 1 2p02 L4214 . Sgn(n T + 7') . T (n)
sgn(7 +mn - x)
———=drdl(n) ¢, 61c
%‘lﬂ 1 / 27 Ly ( )} ( )
3 o
1 EqmEjmn ik eifmmat] 9

Nl )= f) Jﬂili/ N dr — di(n), (61d)

ijq 472 mz::l =1 2pc3, ( . - o a:) )

1 E . E; TL‘L‘4 © 1k elk',r),‘n'm*‘r‘r‘ 2
e 4r mz::l]{nl 2pc3, Laa . T "z (n) (61e)
3 o
1 L4qEqujmij4 2 oo zkmelkm‘n'w"'ﬂ

Niga(z,t) ﬁ{ ,;7{71=1 { 20c2 L2, ( ot - fﬁ)}dl(n)

+ 7{” #dl(n)}, (61f)
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and
3 .
1 E _E. . 0 1.2 . ik |-@+7| 9
(N;c)iqu = 3 Z % qm jZannl |:/ kmsgn(n T+ T)e dr — 2:|dl(’n,),
47T m=1 |n|:1 2pcm —00 T (n . w)
(62a)
3 .
1 EynEjmningLis 1 [ k2 sgn(n - x + 7)elkmlmztr]
N Vg ) = — qmtj J [/ m d
( x)z4ql 472 ;7{1—1 2,0(3%1[/44 . - T
2
“ w)Q} di(n), (62b)
3 .
1 LyoEomEimmnin:Lia 2 Sgn(n S+ T)elkm\n-er‘r\
NI i — —{ q9—q J ] |: m d
(Wi = 3 m2=:1 j{nl 2pc3, Laa e T T

_ (77,72:1:)2} di(n) + ?{n %dl(n)} (62c)

=1 (n - @)?Lay
For the reduced material, Eq. (47) becomes
Tji(n) = Ljx + Ly LiaLag. (63)

It should be noticed that for the reduced material, terms corresponding to the magnetic
properties in Eq. (2) are omitted. It is obvious that if we exchange the related terms, Eqgs. (61a)—
(61f) can also apply to piezomagnetic materials.

4 Scattering cross-section

The scattering cross-section x of inclusion is defined as the ratio of the total mean rate of
energy outflow corresponding to the scattered field v to the mean energy flow of the incident
wave in direction n’. The mean energy flux of v has components

1. _ _
Y = —ZZ’LU(UiJ’UJ —Tigvg), (64)
where o0;; is the generalized stress field associated with v, and the superposed bar denotes

complex conjugation. The mean rate of energy radiation out of a two-dimensional domain is
then obtained as

E= [ Ynldl. (65)
oS
Using Gauss’ theorem, we get
1. _ _ _ _
E = _le/(aiJ,iUJ — 047,iV] + 0igU1; — 0igv;:)dS, (66)
s
which can be transformed into
1. B B 1 _ _
E = —Zzw/(TiJ’UM — TiJ’UJJ)dS — Zw2/(7TJ’UJ + 7TJ’UJ)dS. (67)
s s

In the above equation, 7 and 7r are non-zero only over the plane S occupied by the inclusion.
The mean energy flux of the incident wave can be obtained from Eq. (32) as

3
B =2 qa;, (68)
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where a; are the components of the polarization vector a given by Eq. (31). Finally, we obtain
the expression of the scattering cross-section,

k= FE/E". (69)

5 Analytical results under certain simplification
Equations (27) and (28) can be simplified considerably in the low frequency range, or the
so-called Rayleigh limit. Moreover, if the diameter of the inclusion is much smaller than the

wavelength of the incident wave, 7 and 7 can be considered as constants over the inclusion.
Retention of the lowest terms reduces the equations to

(AC);;Q[TU + / (N;O)UQldw,TiJ = —ikoaQn?, (70)
S
(Ap)~ ' = —iwaj. (71)

The integral in Eq. (70) is the static limit of operator N,, which can be treated as follows:

dl[o NSo(x — 2')da’
[0 )usqutar = Vs TelE = 2], ™)

where N5, can be obtained from Eqgs. (58a)—(58f) by merely retaining the terms with L
Equation (72) can be solved explicitly, whose result is a constant tensor given in Appendix B.
In Egs. (70)—(71), T and 7 are directly solved as

15 = —iko[(AC) ! 4 /S (N2)da']; o a0my, (73)
7 = —i(Ap)was. (74)
The scattering cross-section is evaluated for this simplified case. From Egs. (67)—(69), we get
mwab)?w?
= T s (AN isarmq + T4 My, (75)
where
1< Eoym Eminini [ 1 1
AN, )i = —= Zam Zmg i { Ny “la 76
( x)zqu 47T2 mz:l%n=l chn ;( ) (21 + 1)(2Z + 1)| 2 (n)a ( a)
(AN, st = 1 23: EqmEmjnini(Lg) Ljas — Ly Ljs)
Coar? S ier e (Lsg Las — Ly Laa)
{i(_w‘; — 2] dim) (76b)
s Qi+ DEi+ 1) 2 ’
(AN,)isq = 1 23: 7{ Egm Emjnini(Lyj Lis — L' Ljs)
ToaAn? = Jiaer peh(Lag Lss — L Lsa)
[i(_w; — 2] aim) (76¢)
s Qi+ D)2i+ 1) 2 ’
3 _ _ _ _
(AN, )iga1 = 1 Z j{ (L541L4q — L551L5q)Equmjninj(L541Lj4 - L551Lj5)
Am? 2= Jinj=1 pc(Lss Las — L) Laa)?

> ; 1 1
DI TESVCESS 5| i), (76d)

=0
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(AN,) s = } :7{ (Lys Lag — Lz Lsg) Egm Emjnina(Lg) Ljs — Lgs Ljs)
x ) -
47T2 pcs(Las Las — L5y Laa) (L Lss — L Lsa)

. 1 1
I e R -

(AN, )iss = 1 3 7{ (Lss Lag — Lz Lsg) Egm Emgning (L) Lja — Lz Lys)
x ) - _ —
n|=1 2pch, (L5 Las — Lsg Laa)?

. 1 1
[ ErE g (76

=0

EymEmj ; 1 1
AMiy = m Z }’{ Copcd, [;(—1) (2i+1D)(2i+1)! 2 di(m). (76g)

In the derivation of Eq. (75), the parities of Eqgs. (58a)—(59j) are used. The detailed deduction
of Egs. (76a)—(76g) are given in Appendix C.

For general piezoelectric materials, Eqgs. (76a)—(76g) reduce to

1< EonEnining 1 1
AN, )i _—_2:7{ %2:_11—__
( s 42 = Jin|=1 pcs, {1‘:0( ) (20 +1)(2¢ + 1)! 2}dl(n), (772)

EomEminingLia [ e ) 1 1
AN,); Lgqm Eomjnitu L4 Ty
( Al = 47r2 Z 7{ pcd Lyy {;( ) (2i 4+ 1)(2¢ + 1)! 2}dl(n), (77b)

3 oo
1 LagEymEminin;Lj4 4 1 1
AN )iy = — 9=qm—mg il g S L
(ANz)isar = 375 T;lf{nlzl pcd L2, {E;( S Eir @it 2} (n), (77¢)

Equm] i 1 1
Mip = 7r2 Z 7{ pce, [;(_1) QirDEi+D 5} di(n). (77d)

6 Numerical examples

In this section, the scattering cross-section is calculated for the piezoelectric composite,
which consists of a single inclusion (with two types of different material constants: BaTiOs
and BaTiOjs rigidity) and a PZT-5H-matrix. The matrix and the inclusion are transversely
isotropic piezoelectric material with the symmetry axis x5, and the two-dimensional problem
is calculated in the z1-x2 plane. (Notice that the symmetry axis is set in the xo-direction. So
the material is not symmetric in ;- and za-directions.) The non-zero elements of material
constants are the BaTiOgs-inclusion:

C}, =166 GPa, C5, =162 GPa, Cf, =78 GPa, C;3=77GPa, Cj, =43 GPa,

e;l = _4'4C'm727 e;g - 18.6C'm72’ 6T5 = 11.6C.m72’

el =11.2 x 107°C-N"1t. In_27 g39 = 12.6 x 1079 C.N"! -m_Q, p* = 5700 kg - m—3;
(78)
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and the PZT-5H-matrix:
011 =126 GPa, 022 =117 GPa, 012 =53 GPa, 013 =55 GPa,
€21 =—65C-m 2, e3=233C-m 2 e5=17.0C -m 2
11 =151x1072C-N"1.m™2 5, =13.0x10"2C-N"!t.m~2,

044 =35.5 GPa,

p="7500kg-m~3.
(79)

And for the BaTiOg rigidity inclusion, the constants of the material are set to be infinite,

but the density of the material remains the same.
The generalized stress-strain relationship in this case is given by

o11 Cii Ci2 O 0 0 0 €21 Y11

0922 Ciza Cy 0 0 0 0 €22 Yoo

0923 0 0 C44 0 0 0 0 Y23

o13| = 0 0 0 %(Cu — 013) 0 0 0 Y13 (80)
012 0 0 0 0 Cu €15 0 Y12

D1 0 0 0 0 €15 —€11 0 —E1

_DQ_ L €21 €929 0 0 0 0 —622_ —EQ_

We consider the following problem: where the incident wave propagating in the z;-direction
in matrix, with the magnitude of displacement a = [1 0 0]T, collides on the elliptical inclusion.
The size of the inclusion is illustrated in Fig. 1. For two different types of materials of the
inclusion, we calculate the scattering cross-section as a function of €. As e increases, the
volume of the inclusion also increases linearly. The results are illustrated in Fig. 2. All results
are normalized with respect to w*a?, where a is the length shown in Fig. 1, and w is given by
Eq. (31).

x10-12
9
8 | —= Piezoelectric inclusion A
Wave front 7| -4 Piezoelectric rigidity 'x'
X2 6 o
St 'A'
<l «
f E @ 3+ A.A
” 0 - 2t a*
Incident wave a 1 Ll e
"A‘A M
0 T )
0 5 10 15 20 25 30
Matrix I3

Fig. 1 Fig. 2 Scattering cross-section k as a func-

tion of

Tllustration of the scattering problem
considered

From the upper result, we see that in both cases (BaTiOgs inclusion and BaTiOs rigidity
inclusion), the size effect predominates. Because the scattering cross-section is an integration
over the area occupied by the whole inclusion, when the size of the inclusion increases with ¢,
the value of the scattering cross-section will also increase. However, because the dependence of
the values of the scattering cross-section on the size of the inclusion is too strong, it actually
conceals the effect of the shape of the inclusion. To see this clearly, we make another calculation
of the scattering cross-section change as a function of 6, which is shown in Fig. 1. It is worth
mentioning that in this calculation, the size of the inclusion is kept invariant as 6 changes. To
compare piezoelectric materials with normal elastic materials, we first calculate the scattering
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cross-section for matrices and the inclusion without piezoelectricity, yet having the same elastic
properties with the PZT-5H matrices and the BaTiOj inclusion (we call them the elastic BaTiO3
and the elastic PZT-5H), whose nonzero material constants are given by the elastic BaTiOs-
inclusion:
11 = 166 GPa, (3, =162 GPa, 1o =78 GPa, Cj3=77GPa, (), =43 GPa,
e =0C-m 2 €,=0C-m? e;=0C-m?2 e;=0C-N2.m?

€5, =0C-N2.m 2 p*=5700kg m
and the elastic PZT-5H-matrix:
011 =126 GPa, 022 =117 GPa, 012 =53 GPa, 013 =55 GPa, 044 =35.5 GPa,
621:OC'HI_2, 622:OC'm_2, 615=0C'm_2, 511=0C-N_2-m_2,
€20 =0C-N"2.m 2 p=7500kg -m3.
The BaTiOj rigidity inclusion is also considered in this case. The results are illustrated in
Figs. 3 and 4.

The results for the piezoelectric matrices and inclusion are illustrated in Figs. 5 and 6, with
parameters in Eqgs. (78) and (79).

—16 —12
2 210 30 07

8.01 -& Inclusion -8 Rigidity

74

1 1 1 1 1 1 1 1 el L &

7.0 0
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
0 %

Fig. 3 Scattering cross-section x as a function  Fig. 4 Scattering cross-section x as a function

of 0, the materials of matrices and in-
clusion in this case are elastic PZT-5H
and elastic BaTiOs, respectively

of 0, the materials of matrices and inclu-
sion in this case are elastic PZT-5H and
elastic BaTiO3 rigidity, respectively

x10711
x10-15 Sp T T
1.110 — —— 4.0 —& Piezoelectric rigidity
1.105 | -=- Piezoelectric inclusion 35 H
1100 | 3‘5) i
I Sl
. 1.095 20t
1.090 1.5¢
1.085 | 1.0¢
05}
1080 B 0 ok & " L = =
1.075 P ., 0 10 20 30 40 50 60 70 80 90
0 10 20 30 40 50 60 70 80 90 0
%
Fig. 5 Scattering cross-section x as a func- Fig. 6 Scattering cross-section x as a func-

tion of 6, the materials of matrices
and inclusion in this case are PZT-
5H and BaTiOs, respectively

tion of 6, the materials of matrices
and inclusion in this case are PZT-
5H and BaTiOs rigidity, respectively
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Appendix A

Consider function f(x) defined in R?. The Radon transform of f(z) is defined as
flssm) = Rlf(@)) = [ F@)s(s — - 2)de, (A1)

where n is a unite vector, and § is the two-dimensional Dirac delta. The Radon transform integral
f(x) over all curves is defined by n - = s. The inverse Radon transform is defined as
i

F@) == § [ s e dl), (42

47 Jin =1
where H; is the Hilbert transform with respect to s defined as

i[> flrn)
s

H.[f(s,n)] = L ar. (A3)

— 00

Helgason?

provided detailed description of the properties of the Radon transform.
Appendix B

Using the techniques performed by Li and Wang™®!, Eqs. (72)—(74) are solved as below:

Equmgnz ‘1] 81 + C82)C7,
Nijq = dc, B1
1= I Z% =1 PCh (- 93) « D(e1 + (ez2)(z1 + (x2) ¢ (B1)
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where ¢ = z1€1 + z2e2 and [(1, (2] = [1,¢]. The integration of Eq. (B1) with respect to dz’ has been
done by Eshelby!® | which is proved to be linearly dependent on @. Therefore, we arrive at the conclusion
d[fg NLOJOq (z—=z')dz']

that P are constants, which are given by
+ CeQ)Czl
) jada’ = — Ay (er d B2
/( ]ql D el+C62)(1/52+C2) C ( )
1 ¢]"
where [(u] = [C CQ] and € = b/a, with a and b denoting the axis lengths of the elliptic inclusion

in the directions of e; and ez, respectively. In the derivation of Eq. (B2), some complicated terms
are omitted for that according to Eq. (67), only imaginary parts of 7;;70,; contribute to the scattering
section. For the most general cases where the roots for D(e; + (ez2) = 0 are all distinct, Eq. (B2) can
be solved explicitly as

> ! 2 . q (3
/S(Nx )ijqde —glm[z é m) (Git)m ]’
m=1 a6((m — () H (Cm — ) (Cm — Ck)

(B3)

:H

where ag is the coefficient of the term ¢'° in D(e; + Cea), {m (m = 1,2,---,5) are the roots of
D(e1 + Ce2) = 0 with positive imaginary parts, (¢ equals i(1/¢€), and (;, is the conjugate of (. Other
terms can be obtained in the same way as

/(Na?o)i4qldwl _ —glm{ Z qu(CM)(Cil)m[Lj4(Cm)8L55(Cm) — Lsa(Gm) Lj5(Gm)] }7 (B4)
° m=taeaa(Gn = 6h) T (Gn = G (G = Ge)

kAm

where a4 is the coefficient of the term C4 in LysLsa — LaaLss; (7 and (s are roots with positive imaginary
parts of the equation (L45L54 — L44L55) =0.

/( N )isgd’ = — glm{ ) qu(Cm)(ﬁu)m[L45(Cm)LJ;(Cm) — Laa(Gm) Ljs (Gm)] } (B5)
° m=t o as(=a)(Gn = G) TT (Gn = G (Gm = G)

k#m

The other equations are of the similar form and too lengthy to be presented here.
Appendix C

From Eq. (67), we learn that only the imaginary and even terms in Egs. (59a)—(59f) make contri-
bution to the scattering cross-section. Therefore,

3

1 EomEimning

AN, )i = ——— LgmBjmnithy
( ) Jql Aw3 2 mzﬂ fn\:l 2pc2,

oo 2 Jikpy (n-z+4T1) —n-x 1.2 —ikpym(n-xz+7)
U Lm/ Fe T g | di(n). (1)

—_n-xT T oo T

Here, ky, and |x| are assumed to be very small numbers, which facilitates the following transformation:

3 . . X o 1.2 L3
(AN ot = 53 > f Bqm Bymiit / bin S T) 47 41, (C2)
4w3m =z |=1 0

2
pcz, T
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Because

/0°° sin(ic—mr)dT _ (/()1+/1°°)sin(f—m7')d7_

i ;(71) (20 +1)(2i + 1)! / . dCos )
3 ‘ L cos ky, —

= km ;(—1) @I T R

) km[;(_l) Qi+t 5]

we finally arrive at the conclusion:

3 oo
1 Eoym Ejmning - 1 1
AND)ijgr = —5 > —am I AN (1) e — .
(AN2)ija = 7 mzl?‘{n‘zl pc3, [ (1) (2i + 1)(2i + 1)! 2] di(n)

=0

The other equations are obtained in exactly the same way.



